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0.1 Appendix

Proof of Proposition 1. If X' > max{lIx(XY, X), Hx(X, XY)-1In(X,Y)},

in equilibrium N will not enter X whether M or N wins the bidding for Y. By

Lemma 2, I/ ( XY, X) = Un(X, XY). Therefore if K > max{lIn(XY, X), [LH(XY, X)—
Uy (X, Y)}, o = My (XY,0) — Hap(X,Y) and vx = Ha(X,Y). Since by

Lemma 1,

(XY, 0) > My (X, Y) + y(X,Y),

M wins the bidding for Y and the winning bid is IIy(X,Y). &

Proof of Proposition 2. When IIy(XY, X) > K > IIy(X, XY) —
Hn(X,Y), in equilibrium N will stay out of X if winning Y, but N will enter
X if M wins Y. In this case, vpy = (XY, X) — [Iy(X,Y) and vy =
My(X,Y) — (Tn(XY, X) — K). By Lemma 2, Ty (XY, X) = Hx(X, XY).
Thus when Hn(XY, X) > K > (XY, X) —IIn(X,Y), N wins YV if

Ha(X,Y) = Iy XY, X))+ K > (XY, X) — Tyu(X,Y),
which holds if
Ha (X, Y) =N (XY, X))+ (XY, X)—Un(X,Y) > Ty (XY, X)—Iyn(X,Y),

or [Iy(X,Y) > Hn(XY, X).

Next, in equilibrium, when Hx (X, XY) —IIn(X,Y) > K > [Iy(XY, X),
N will enter X if winning Y, but N will not enter X if M wins the bidding.
In this case, var = p(XY,0) — Iy (X, XY) and vy = Hx(X, XY) — K.
Therefore, when (XY, X) — [In(X,Y) > K > [In(XY, X), M wins YV
and N stays out of X if

(XY, 0) — (X, XY) > Hy(X, XY) — K,

which holds by combining the following: (XY, 0) > Iy (XY, X)+Un(XY, X)—
K since (XY, 0) > Iy (XY, X) from Lemma 1; I (XY, X) = Hx(X, XY)
and Ix(XY, X) = Up(X, XY) from Lemma 2. B

Proof of Corollary 1. Simple calculations reveal the following:
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which increases in 3 for 3 € (—1,1). Since H (X, Y)—IIn(XY, X) = 0 when
p=—1, (X, Y) > Hxn(XY, X) always holds in this example. Next,
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(XY, X) = y(X,Y) =

Since, for g € (—1,1),

1-35+ 5 - >0,
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we have Iy (XY, X) — Hx(X,Y) < Hy(XY, X) if and only if 5 < 0, and
(XY, X) = TIn(X,Y) < IIn(XY, X) if and only if 5 > 0. The conclusion
then follows from Proposition 2. R

Proof of Theorem 1. Under A7 and by Proposition 2, we need only
to prove the following two claims. Claim 1: In(XY, X) > Iy (XY, X) —
Hy(X,Y) and (X, Y) > (XY, X)if X and Y are strategic substitutes,
and Claim 2: Un(XY, X) < Hp (XY, X)—n(X,Y)if X and Y are strategic
complements.

Proof of Claim 1: First,

N (XY, X) = a3 f(a3 + 2%, yir),
Ua (XY, X) = a3, f(a3 + 2%, yar) + varlo(wir 25 + 2x) — o,

2



Mar(X.Y) = 2y flaanyn), (X Y) = yylg(yn, oa) — cf.

In equilibrium, the following first-order conditions must be satisfied:

F@dy + 2% yap) + e filedyy + 25, y30) = 0, (3)

Flady + axyan) + e fi(ady + 2% viy) + v (yin ea +23) =0, (4)
wirfa(ady + ahyae) + 9(Win 2 +ay) — e+ yna (Yan oi +ay) = 0, (5)
Fleanyn) + eachi(ean yn) = 0, (6)

)

9(un> o) — ¢+ yngi(yn, vyy) = 0. (7
Since go < 0 when X and Y are strategic substitutes, we have 23, < z%.
Hence

23 f(25 + 25, yhy) < Tn(XY, X).
It then follows that Hx (XY, X) + Uy (X,Y) > [y (XY, X) if

ynlo(ynsza) — ¢ = yalg(yig, oi + 23) — ).

Now if 2}, < 23, + 2%, then

ynlg(yn, i) — ¢ = yiilg(Wan i) — ) = yilo(in a3 + i) — ol

Therefore our proof of the first part of Claim 1 will be complete if we can
show that 2}, < 23, + x%. Suppose to the contrary, 3, > 23, + 5. Then,
since

Ore(xhy + T Yiy)
dx
from equations (3) and (6), we have, from the property of strategic substi-

tutes, y3; > yh-
Next, by the intermediate-value theorem for functions of multiple vari-

= f(a3 + 2%, v3p) + (@3 + a3 fil@h + 2%, v3) <O

ables,
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for some 23, + 2% < 2’ < x}; and y& <y’ < yi,;. But since W <0
1 1
and w = 0, we have
P2 y') 5 L O (2l y)



Since, by assumption A2,

827Tx($/,y/) < 627Tx($/,y/)

0x? - dxdy

we have
(ear = (2 +23)) < (v — ¥n).
On the other hand, again by the intermediate-value theorem,

Oy (yar v +2%) Oy (yn, i) 2 1 Py (y", ") 2 2 1 Py (y", ")
Ay - dy = (?JM_?JN)T+($M+$N_$M)W

for some 3, + 2% < 2" < x}; and y§ < y” < yi;. But since

on,(y32,, v%, + 23
ol M’ayM v _ g(in oy +al) — ey (va, a +ax) >0

Oy (y}v,ac}w)

= = 0, we have
y

from equation (5), and
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from A2, we have

(War — un) < (xy — (23 + 2X))-

This is a contradiction. Therefore z}, < 23, + 2%.
Next, for the second part of Claim 1,

HM(va) = x}wf(x}\wy]l\f) > sz\ff(x]z\fvy]l\f)
Since
DA (2 uh) — 2A f(ad + 2o k) = 2% [Fadouh) — Flad + 2 k)]

it follows that Ty (X,Y) > TIn( XY, X) if f(a%,yn) — f(23, + 2%, v3;) > 0.
Since z}; < 23, + a3, we have y3; < yA from equations (5) and (7). By the
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intermediate-value theorem, there exists some (7, 7) with 23, < ¥ < 23, + 2%
and y3; < § < yk such that

@i yn) — 2 + 2% vi) = =2y (3 0) + (yy — van) f2(2,9),

which is non-negative by assumption A3. This completes the proof of Claim
1.
Proof of Claim 2:
= a3 f(ady + 28 yir) — 2R f(2hs + 2%, vae) + vadlo (Wi 23 + 2%) — o — ynlo(yn, ar) — ol.
Since from equations (3) and (4),

i f (@ + 23, ua) — e (@5 + 25, va) = ahyn g2 (Vi o + 750),

= anyn92(Yar v+ ax) +yalg(yan wh + an) — o = ynlolyn. ay) — .

If y3rlo(yin 23 + 2%) — o — ynlg(yhs @hr) — €] > 0, our proof is complete.

Now suppose

ynilo(an o + %) — o — ynlg(yn. 2a) — ¢] < 0.

If y3; < yA, then from (5) and (7), we would have 3, + 23 < x},. But then
M could increase profit by choosing z3%, = x}, — 2% and y3, = yA. Thus
Yy > yn, which implies 23, 4+ 3 > x}, from comparing equations (3) and

(6), using the property of strategic complements. Now
yalo(iar ois + 25) — o — ynloyn, oar) — o
> yulg(yar o + o) — o —ynlglyns o3y + 23) —
= (yar —yn)lo(@, 2y + ax) — e+ G (7, why + o y)] (8)
for some § € (yx,y31), where the inequality is due to g; > 0 and the equality
is due to the intermediate-value theorem. we thus must have

g(gv 51?12\4 + x]z\f) —c+ ﬁgl@, 51?12\4 + x]z\f) <0.
Since j < y3,, it then follows that

g(yin, vt ak) —ctynan (Wi oh+ay) < 90, ai+ay) —c+ia (7, vh +2%).

(9)



Therefore,

(XY, X) — (Iy(XY, X) + Iy(X,Y))

X yrra2 (Wi ar + ak) +ynlovan o + 2%) — o — ynlo(yn, ahy) — o

>y Win va o) + (i — un) o o + 2) — o+ ya (Wi v + i)
= 2X3una(in 2+ ax) — (Wi — yn) s fa(2h + 2 yi)
> 0,

where the first inequality is due to relations (8) and (9), the second equality
is due to equation (5), and the last inequality is due to assumption A3.
|



